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Abstract 
Hillman, J.A., On 4-manifolds with universal covering space S* x R* or S3 x R, Topology and 
its Applications 52 (1993) 23-42. 
We seek algebraic characterizations of closed connected 4-manifolds M with universal covering 
space S’ X R2 or S3X R. We show that if hi = S’ and r=%,(M) virtually has infinite 
Abelianization then M is double covered by an S2-bundle over an aspherical surface and 7 is 
the group of a manifold with geometry S2 x E2 or S’ x H’. If x(M) = 0 and r is virtually 2’ 
then there are just nine possible groups; if moreover rr/~’ is infinite then M is simple 
homotopy equivalent to an S’ X E’-manifold, and if the torsion in rr is central there are only 
finitely many homeomorphism types of such manifolds. If x(M) = 0 and r-r is virtually Z then its 
maximal finite normal subgroup is either the group of an S’-manifold or is one of the groups 
Q(Sa, b, C.)X Z/dZ. One such manifold has rr 1 Q(24. 13, 1)x Z and so is not homotopy 
equivalent to an S3 X E’-manifold. 
Keywords: 4-Dimensional geometry; Periodic cohomology; Topological surgery. 
AMS (Mos) Subj. Cluss.: Primary 57N13 
Introduction 
A 4-dimensional geometry in the sense of Thurston is a pair (X, G,) where X 
is a complete l-connected 4-dimensional Riemannian manifold and G, is a group 
of isometries which acts discretely on X and has discrete subgroups r such that 
r\X has finite volume. Filipkiewicz has shown that there are nineteen maximal 
4-dimensional geometries; one of these is in fact a countably infinite family of 
closely related geometries, and one is not realizable by any closed manifold [ll]. In 
thirteen cases the model X is homeomorphic to R", and so manifolds admitting 
such geometries are determined up to homotopy equivalence by their fundamental 
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groups. Six of these geometries are realized by infrasolvmanifolds; in [20] topologi- 
cal surgery was used to show that 4-dimensional infrasolvmanifolds may be 
characterized up to homeomorphism by the algebraic conditions that the Euler 
characteristic is 0 and the fundamental group has a nilpotent normal subgroup of 
Hirsch length at least 3. Closed manifolds admitting one of the other geometries of 
aspherical type may be characterized up to simple homotopy equivalence by their 
fundamental group and Euler characteristic. However the fundamental groups for 
such manifolds all have non-Abelian free subgroups and it is unknown whether 
s-cobordism implies homeomorphism in these cases. 
The six remaining geometries are all of nonaspherical type. Three have compact 
models, and there are only a handful of such manifolds. The remaining three 
(S2 x E*, S2 X H* and S3 X E’) have models homeomorphic to S2 X R* or S3 X R. 
(Note that we shall use S2 x E*, S2 X H* or S3 x E’ to refer to the geometry and 
S2 x R2 or S3 X R to refer to the underlying topological space.) In this paper we 
shall endeavour to give criteria in terms of standard algebraic invariants for a 
closed 4-manifold M to be covered by one of these manifolds. Our approach shall 
be to determine first the possible fundamental groups r, then the homotopy types 
and finally apply topological surgery to characterize the manifolds up to homeo- 
morphism. As surgery is only known to work over fundamental groups which are 
“good” in the sense of [12], we are lead to concentrate on the cases when r is 
virtually Abelian. (We follow standard group theoretic terminology in saying that a 
group virtually has some property if it has a subgroup of finite index with that 
property.) With our assumption on the universal covering space &? this implies 
that the Euler characteristic of the manifold is 0. When A? is S2 X R* much of this 
programme can be carried through, but when M is S3 X R there are major 
difficulties, and our results are limited. 
We begin by showing that if the fundamental group 7 of a closed 4-manifold M 
with universal cover homotopy equivalent to S* has a subgroup of finite index with 
infinite Abelianization then M has a 2-fold covering space which is the total space 
of an S2-bundle over a closed aspherical surface and rr is the fundamental group 
of a manifold with geometry S2 x E2 or S2 x H2. (We do not know whether the 
hypothesis on r is redundant.) Thereafter (except in Lemma 3.1 and Theorem 3.2) 
we assume that 7~ is virtually Abelian. It is easily seen that there are just nine such 
groups, and that they each have trivial Whitehead group. The (simple) homotopy 
type of a 4-manifold with such a fundamental group and Euler characteristic 0 is 
determined up to a finite ambiguity by the group. In some cases we can show that 
there are only finitely many homeomorphism classes of such manifolds. However 
there are cases when the topological structure set S,,,(M) is infinite, and we do 
not yet know enough about the self homotopy equivalences of such manifolds to 
decide whether there are infinitely many homeomorphism types within the homo- 
topy type. 
When &? G S3 x R the fundamental group 7 is an extension of Z or the infinite 
dihedral group D = (Z/2Z)*(Z/2Z> by a finite normal subgroup F. It follows 
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easily from work of Hambleton and Madsen that F must be either the group of an 
S3-manifold or one of the groups Q(&z, 6, c) x Z/dZ. (There are examples of the 
latter type, and no such M is homotopy equivalent to an S3 X El-manifold.) The 
quotient group z-/F acts trivially on H,(F; Z) unless F is cyclic. We list the outer 
automorphism groups and the subgroups Z(F) consisting of outer automorphism 
classes which act via + 1 on H,(F; 2). If r/F = Z and I F I > 2 then M is 
orientable if and only if this action is trivial. If rr/F = D then M is nonorientable 
and rr = G *F H where G and H each have cohomological period dividing 4 and 
are extensions of Z/22 by F; if G and H are each groups of S”-manifolds and F 
is not cyclic then such a group r is the group of an S3 x El-manifold. We are not 
completely successful in determining the possible fundamental groups, even when 
the subgroup F is an S3-manifold group. The homotopy type is determined by the 
fundamental group and a k-invariant; we do not know which k-invariants are 
realizable. Finally, computing the Whitehead groups and surgery obstruction 
groups is a major task and probably the best we can hope for are estimates in the 
style of [16, p. 1371. 
1. Manifolds covered by S2 X R2 - the fundamental groups 
In this section we shall show that the fundamental group of a manifold covered 
by S2 x R2 has a torsion free subgroup of index at most 2; if this subgroup has 
infinite Abelianization then rr may be realized by a closed geometric 4-manifold. 
We shall then restrict attention to the case when the fundamental group is virtually 
Z2, and we shall show that there are nine such groups, each of which may be 
realized by some S2 x E2-manifold. 
Theorem 1.1. Let M be a closed connected 4-manifold with fundamental group r. 
Then 
(i) the universal covering space @ is homotopy equivalent to S2 if and only if r 
has one end and r*(M) = Z; 
(ii) if these conditions hold then the kernel K of the natural homomorphism u 
from r to Aut(x,(M)) = Z/22 is torsion free; and 
(iii) if moreover 7 has a subgroup of finite index with infinite Abelianization then 
the corresponding covering space is simple homotopy equivalent to the total space of 
an S2-bundle over a closed aspherical surface, and r is the fundamental group of a 
closed manifold admitting the geometry S2 X E 2, if r is virtually Z2, or S2 X H 2 
otherwise. 
Proof. Since r has one end if and only if H”(r; Z[~T]) = 0 for s < 1, the first 
assertion follows from equivariant Poincare duality and the universal coefficient 
spectral sequence. Moreover if these conditions hold and v is any subgroup of 
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finite index in r then v has one end and H’(v; R[v]) = H&h?; R) = R, for R = Z 
or a field. 
Now assume that M = S*. Suppose that g is a nontrivial element of finite order 
in rr, and let G be the subgroup generated by g. The Gysin sequence of the 
fibration M -+ M/G + K(G, 1) gives isomorphisms from H,+,(G; Z) to 
H,(G; H2(h?; Z)) for all n 2 2, since M/G is an open 4-manifold. Therefore g 
acts nontrivially on n-*(M) = H,(h;j; Z) and so K = ker u is torsion free. 
Suppose now that r has a subgroup of finite index with infinite Abelianization, 
and let p be the intersection of this subgroup with K. Then p also has finite index 
in r and has infinite Abelianization. Therefore it is an HNN extension p = Ha, 
where the base H and associated subgroups J and tJt_’ are finitely generated, by 
[2, Theorem A]. Since p is torsion free and H*(p; Z/2Z[p]) is l-dimensional any 
finitely generated subgroup of infinite index in p is free, by [9, Theorem 2.21. 
Therefore H and J are free and so p has cohomological dimension at most 2. 
Since it is finitely presentable, has one end and H*(p: Z[pl) = Z it is a PD,-group 
[7]. Since K is torsion free it is also a PD,-group and so is the fundamental group 
of some closed aspherical surface B. The argument of the first paragraph of [19, 
Theorem 31 then shows that the covering space of M with fundamental group K is 
simple homotopy equivalent to the total space E of an S*-bundle over B. 
If r is torsion free then it is itself a surface group. If r has a nontrivial finite 
normal subgroup then it is a direct product K X (Z/22). In either case r is the 
fundamental group of a corresponding product of surfaces. Otherwise r is a 
semidirect product K %(Z/2Z) and is a plane motion group, by a theorem of 
Fenchel [lo]. (See also [S, Theorem A].) This means that there is a monomorphism 
f : r + Isom(X) with image a discrete subgroup which acts cocompactly on X, 
where X is the Euclidean or hyperbolic plane, according as r is virtually Abelian 
or not. The homomorphism (~1, f> : TT + { fl} x Isom(X) < Isom(S* XX) is then a 
monomorphism onto a discrete subgroup which acts freely and cocompactly on 
S2 x R*. In all cases such a group may be realised geometrically. 0 
Consideration of the manifolds CP2 and S’ x S’ X S’ X S’ shows that neither 
of the conditions “7~ has one end” and “r,(M) = Z” implies the other. The 
reference to [2] could be replaced by the observation that duality and the spectral 
sequence imply that H”(p; W) = 0 for any free Z[pl-module W and reference to 
[9, Corollary 2.31. The condition “rr has a subgroup of finite index with infinite 
Abelianization” could be replaced by “v.c.d.r < ~0”. Can it be dispensed with 
entirely? In other words, if M = S2 and r acts trivially on rTTZ(M) is H ‘(M; Z) f O? 
In Theorem 3.2 below we shall show that M is homeomorphic to S* X R2. 
Lemma 1.2. If M is orientable and x(M) = 0 then rr/z-’ is infinite. 
Proof. Since M is connected and orientable &,(M) = PC,(M) = 1 and Pa(M) = 
p,(M), so x(M) = 2 - 2P,(M) + p*(M). Therefore x(M) = 0 implies P,(M) > 1. 
0 
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The Sdimensional s-cobordism theorem has been established so far only over 
elementary amenable fundamental groups [12]. (This is the smallest class of groups 
containing all finite groups and 2 and which is closed under extension and 
increasing union.) In the present context much weaker assumptions on the group 
imply that it is in fact virtually Abelian. 
Theorem 1.3. Let M be a closed connected 4manifold with fundamental group rr. 
Then the following conditions are equivalent: 
(i) r is virtually Z2 and x(M) = 0; 
(ii) r is virtually Z2 and r,(M) = Z; 
(iii) r has a finitely generated infinite elementary amenable normal subgroup and 
r,(M) = Z; 
(iv) rr has one end, x(M) = 0 and r=(M) = Z; and 
(v) M is finitely covered by a manifold which is homotopy equklalent to the total 
space of an S2-bundle over the torus. 
Proof. Note that these conditions are invariant under passage to finite covers and 
subgroups of finite index in r. If (i) holds then the covering space of M with 
fundamental group Z2 is homotopy equivalent to the total space of an S2-bundle 
over the torus and so r,(M) = Z, by [19, Theorem 31. Thus (i) implies each of (ii), 
(iii), (iv) and (v). Clearly (ii) implies (iii). 
If r has a finitely generated infinite elementary amenable normal subgroup A 
then either A has infinite index in rr and so rr has one end or r is itself 
elementary amenable and has one or two ends. If n- has two ends then we may 
assume that r = Z. But it then follows from equivariant Poincare duality and the 
universal coefficient spectral sequence that if r2(M) is finitely generated as an 
Abelian group it must be 0. Thus (iii) implies that 7~ has one end. Hence fi 2 S2 
and we may assume that r and A are torsion free, by Theorem 1.1. By [18, 
Theorem 31 the group ring Z[r] then imbeds in a ring R which is flat as a 
Z[rrl-module, has the strong invariant basis number property and in which the 
nonzero elements of Z[A] are invertible, so that R BzLaI Z = 0. Hence R BzrrI 
H,(M; Z> = 0 and so a localization argument as in [18, Chapter 31 now shows that 
x(M) = 0. Thus (iii) implies (iv). 
If x(M) = 0 and M is orientable then r/r’ is infinite, by Lemma 1.2. 
Therefore (iv) implies that M is finitely covered by the total space of an S2-bundle 
over an aspherical surface, by Theorem 1.1. Since x(M) = 0 the surface must be 
the torus or the Klein bottle, and so 7~ is virtually Z2. Hence (iv) implies (i) and so 
(v). 
Finally it is clear that (v) implies each of the other conditions. q 
In the above theorem we were able to avoid the hypothesis that rr have a 
subgroup of finite index with infinite Abelianization. With more work it can be 
shown that either of the qualifications “finitely generated” or “elementary” may 
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be dropped from (iii). If r has a subgroup of finite index with infinite Abelianiza- 
tion then both of these qualifications may be dropped, for a surface group with an 
infinite amenable normal subgroup must be virtually Z2. 
We shall assume henceforth that the conditions of Theorem 1.3 hold. Let A 
and F be the maximal Abelian and maximal finite normal subgroups (respectively) 
of r. Then the index [rr : A] divides 4. If F = 1 then A = Z2 and r/A acts 
effectively on A, so 7 is a 2-dimensional crystallographic group. (We shall give the 
name of the corresponding Euclidean orbifold after each such group, following [26, 
Appendix A].) If 7 is torsion free then either 
(1) r = A z Z2 (the torus), or 
(2) rr = Z 2 Z (the Klein bottle). 
If F = 1 but rr has nontrivial torsion and r/A = Z/22 then either 
(3) rr z D x Z = (Z @ (Z/22))*, (Z @ (Z/22)), with the presentation 
(u, v, X: U* = v* = 1, ux = XU, vx =xv> (the silvered annulus), or 
(4) ~=D~j;:z~Z*z(Z@(Z/22)), with the presentation (t, U: t*u = ut2, u* 
= 1) (the silvered Mobius band), or 
(5) 7rzD*z D, with the presentation (s, u,w: ~~=w~=1,usu=wsw=s-~) 
(the pillowcase S(2222)). 
If F = 1 and r/A z (Z/22)* then either 
(6) n- = D *z (2 @ (Z/22)), with the presentation (s, t, u: t2 = u2 = 1, usu = 
s- ‘, ts = st > (D(22)), or 
(7) r = Z *z D, with the presentation (t, u: u2 = 1, ut*u = t-*> (P(22)). 
(Note that the restriction on finite subgroups eliminates the remaining ten of the 
seventeen Euclidean orbifold groups from consideration.) 
If F is nontrivial then w,(M) maps F isomorphically to Z/22 and r/F is 
torsion free, so r 2 (r/F) X F, by [19, Theorem 41. (In particular, F is central in 
rr.> Hence either 
(8) rr 3 (Z*) @ (Z/22), or 
(9) ?T = (Z x Z) x (Z/22). 
Six of these groups have a characteristic Abelian subgroup of rank 1, and it is 
not hard to show that the outer automorphism groups of these groups are finite. 
The other three groups are Z*, Z* @ (Z/22) and D *z D, with outer automor- 
phism groups isomorphic to GL(2, Z>, (Z/22>* 2 GL(2, Z) and (Z/22>* 2 
PGL(2, Z), respectively. 
Lemma 1.4. Let 7 be a 2-dimensional crystallographic group which has no finite 
subgroup of order greater than 2. Then Wh(r) = 0. 
Proof. If G=A*cB (or A*=) is a free product with amalgamation (or HNN 
extension) in which Wh(A) = Wh(B) = Wh(C) = 0 and the integral group ring 
Z[C] is a regular coherent ring then Wh(G) = 0, by the Mayer-Vietoris sequence 
of Waldhausen [34]. Since D = (Z/22)*(2/22) and Wh(Z/2Z) = 0 this implies 
that Wh(D) = 0; since Wh(Z @ (Z/22)) = Wh(Z1 = 0 [231 and Z[Zl is a regular 
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noetherian ring and each of these groups is such a generalized free product the 
theorem follows. 0 
The Whitehead groups of (Z 2 Z) X (Z/22) and Z2 @ (Z/22) are also trivial, 
by [19, Theorem 31. We do not know whether the other 2-dimensional crystallo- 
graphic groups have trivial Whitehead groups; they cannot be expressed as free 
products with amalgamation over Z. (Note however that the finite subgroups of 
these groups all have trivial Whitehead group.) 
If r is a discrete subgroup of Isom(S2 X E2> = O(3) X _I!%?) = O(3) X CR* 2 O(2)) 
which acts freely and cocompactly on S2 X R2 then F = r n (O(3) X {l]) is its 
maximal finite normal subgroup and its image p*(r) under the projection 
p2 : Isom(S* x E2) + E(2) is a 2-dimensional crystallographic group. Therefore 
p2(r) is determined up to conjugacy in Aff(2) by the isomorphism type of the 
group T/F. Let (A, p, C) E O(3) X CR2 2 O(2)) be the isometry which sends 
(u, X) E S2 x R* to (Au, CX + /?I. 
2. The homotopy type 
Our next result shows that if M satisfies the conditions of Theorem 1.3 and its 
fundamental group r has infinite Abelianization then it is determined up to 
homotopy by r and its Stiefel-Whitney classes. Let E(X) denote the group of 
free homotopy classes of self homotopy equivalences of X. 
Theorem 2.1. Let M be a closed connected 4-manifold with x(M) = 0 and such that 
its fundamental group rr is virtually Z2. If T/X-’ is infinite then M is simple 
homotopy equivalent o an S* x E 2-manifold which fibres over S’. 
Proof. The infinite cyclic covering space of M determined by an epimorphism 
A: r + Z is a PD,-complex by [17, Theorem 21, and therefore is homotopy 
equivalent to S2 x S' (if ker A = Z is torsion free and w,( M > I kerA = O), S2 2 S’ (if 
ker A = Z and w,(M)1 kerh # O), RI’* X S' (if ker A ? Z @ (Z/22)) or Rp3#Rp3 
(if ker A = 0). Therefore M is homotopy equivalent to the mapping torus MC+) of 
a self homotopy equivalence of one of these spaces; any such homotopy equiva- 
lence is simple by Lemma 1.4 above (if F = 1) and by [19, Theorem 31 (if F # 1). 
The group E(S* x S'> is generated by the reflections in each factor and the 
twist map, and has order 8. The group E(S* k S’) has order 4 (cf. [221). Two of the 
corresponding mapping tori also arise from self homeomorphisms of S* x S'. The 
other two have nonintegral wi. These mapping tori (with 7~ torsion free) are also 
S*-bundles over the torus or Klein Bottle. 
Let Rj E O(3) be the reflection of R3 which changes the sign of the ith 
coordinate, for i = 1, 2, 3. If A and B are products of such reflections then the 
subgroups of Isom(S’X E*) generated by (A, (1, 01, I) and (B, (0, l), I> are 
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discrete, isomorphic to Z2 and act freely and cocompactly on S2 x R2. Taking (i) 
A = B = I, (ii) A = I, B = -I, (iii) A = R,R,, B = R,R, and (iv) A =R,, B =R,R, 
gives the four S2-bundles over the torus. If instead we use the isometries 
(A, (1, 01, (A _p>> and (B, (0, l), I) we obtain discrete subgroups isomorphic to 
2 2 Z which act freely and cocompactly. Taking (v) A = B = I, (vi) A = -Z, B = I, 
(vii) A =I, B = -I, (viii) A = R,R,, B = R,R,, (ix) A = R,, B = R,R, and (x) 
A = R,R2, B = R, gives the six S2-bundles over the Klein bottle. 
The group E(RP2 X S’) is generated by the reflection in the second factor and 
by a twist map, and has order 4. The mapping tori are also RP2-bundles over the 
torus or Klein bottle. Adjoining the fixed point free involution (-I, 0, I) to any 
one of the above ten sets of generators for the S*-bundle groups amounts to 
dividing out the S2-fibres by the antipodal map and so we obtain the correspond- 
ing RP2-bundles. (Note also that as Homeo(RP2) is path connected any RP2-bun- 
dle over a punctured surface is trivial, and as r,(Homeo(RP2)) = Z/22 it follows 
that there are at most two such bundles over each closed surface. Thus there are 
just four such RP2-bundles-but each has several distinct double covers which are 
S 2-bundles.) 
The group E(RP3#RP3) is generated by the reflection interchanging the 
summands and the fixed point free involution (cf. [l, p. 251]), and has order 4. Let 
cr = (-I, 0, (-A 7)) p = (I, (1, 0), Z), y = (I, (0, l), I) and 6 = (-I, (0, l), 1). Then 
the subgroups generated by {a, /?, 71, {a, p, 81, {a, /IT) and {a, PS}, respectively, 
give the four RP’#RP3-bundles. 
In the S2- and RP2-bundle cases each group and orientation character occurs 
twice in our list. The corresponding manifolds may be distinguished by whether or 
not w,(M) = 0. (Cf. [33, Section 41, where this is done for the orientable cases (i) 
and (iii), and (v) and (viii), respectively.) As all the mapping tori are geometrically 
realizable, the theorem is proven. q 
The S2- and RP2-bundle cases could also be approached from the point of view 
of [19]. 
When r is torsion free every homomorphism from rr to Z/22 arises as the 
orientation character for some M with group r. However if r = D X Z or D k Z 
the orientation character must be trivial on the subgroup D while if F # 1 the 
orientation character is uniquely determined. In all cases, to each choice of 
orientation character there corresponds a unique action of r on x,(M). However 
the homomorphism from rr to Z/22 determining the action may differ from 
w,(M). 
The possible orientation characters w1 : T -+ Z/22 for the groups with finite 
Abelianization are restricted by Lemma 1.2, which implies that the kernel of w1 
must have infinite Abelianization. For D *= D we must have w,(u) = w,(w) = 1 
and wi(s) = 0. For D *z (Z @a (Z/22)) we must have w&s) = 0 and w,(u) = 1; 
since the subgroup generated by the commutator subgroup and t is isomorphic to 
D X Z we must also have w,(t) = 0. Thus the orientation characters are uniquely 
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determined for these groups. For Z *z D we must have w,(u) = 1, but w,(t) may 
be either 0 or 1. As there is an automorphism C$ of Z *z D determined by 
4(t) = u(t) and 4(u) = u we may assume that w,(t) = 0 in this case. 
We may adapt the arguments of [131 to obtain a somewhat weaker result for the 
remaining cases. 
Theorem 2.2. Let M be a closed connected 4-manifold with X(M) = 0 and such that 
its fundamental group rr is uirtually Z 2. Then the homotopy type of M is determined 
up to a finite ambiguity by rr. 
Proof. If rr/~~’ is infinite the result follows from Theorem 2.1, so we may suppose 
that rr/rr’ is finite and hence that M is nonorientable. Let fM : A4 - P*M be the 
second stage of the Postnikov tower for M. As fM is 3-connected we may define a 
class w in H’(P2M; Z/22) by f; w = w,(M). Let S:o(P*M) be the set of 
“polarized” PD,-complexes (X, f) where f : X --) P2M is 3-connected and w,(X) 
= f * w, modulo homotopy equivalence over P*M. (Note that X(X> = 0 and so the 
universal cover of X is homotopy equivalent to S2.) Let Z” be the local system 
determined by w (considered as a homomorphism from rr to Aut(Z)), and let [Xl 
be the fundamental class of X in H&X; ZW>. It follows as in 113, Lemma 1.31 that 
given two such polarized complexes (X, f) and (Y, g> there is a map h : X -+ Y 
with gh =f if and only if fh[X] =g,[Y] in H,(P’M; Z”>. Since X- Y- S2 and 
f and g are 3-connected such a map h must be a homotopy equivalence. 
The action of rr on r,(M) is unique if rr = D *z D or D *z (Z @ (Z/22)), 
since these groups are generated by involutions (which must act nontrivially). As 
the subgroup of rr = Z *z D generated by its commutator subgroup and t is 
isomorphic to Z 2 Z the action of t on r,(M 1 is determined once w,(t) is known. 
As rr = p 2 (Z/22) where c.d.p = 2 a calculation with the LHS spectral sequence 
shows that H3(,rr; ~T~(M)) is finite (of order dividing 24>. A comparison of the 
spectral sequences of the universal covering maps of X and P2M shows that 
H,(P2M; Zw> = H,(X; ZW> @ H,(P*M, X; ZW> = H,(X; Z”) @ 
(H,(r; H,(K(Z, 2); Z> @ ZW)>; the first summand is infinite cyclic, and is gener- 
ated by f*[Xl, while as w f 0 the second summand is of order 2. Hence there are 
only finitely many values for f .[ X]. Together these observations prove the 
theorem. q 
Is the homotopy type of M completely determined by rr, w(M) and k,(M)? 
Note that (in each case> k-invariant restricts to the k-invariant of G/(U), which is 
the nonzero element of H”(Z/2Z; r,(M)). Thus there are at most eight possible 
values for the k-invariant. 
Lemma 2.3. Let J = (A, /3, C) E O(3) X E(2) be an isometry of order 2 which is 
fixed point free. Then A = -I. If moreover J is orientation recersing then C = I and 
/3=0 orC= -I. 
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Proof. Since J2 = (A2, CD + p, C2) we must have C2 = Z and Cp + p = 0 and so 
the involution (p, C> has the fixed point p/2 E R2. Therefore A E O(3) must be a 
fixed point free involution, and so A = -I. If J is orientation reversing then 
det(C1 = 1; as C2 = Z E O(2) this implies that either C = Z (and hence p = 0) or 
c=-z. I3 
The isometries S=(Z, (1, 01, I), U= (--I, 0, -Z> and IV= (--I, (0, l), -I) 
generate a discrete subgroup of Isom(S2 X E2> isomorphic to D *z D and which 
acts freely and cocompactly on S2 x R 2. The isometries S = (I, (1, 01, I), T = 
(-I, 0, (A -7)) and U = (-I, (0, 11, -Z> generate such a subgroup isomorphic to 
D *z (Z @ (Z/22)). Th e isometries T = (7, (1, 01, (A _:I) and U = (-I, (0, 11, -Z> 
generate such a subgroup isomorphic to Z *z D, provided that 72 = Z (so that T2U 
is a fixed point free involution). Up to conjugation there are four possible values 
for T, and two of these (namely T = -Z and T = R,) determine orientation 
preserving isometries T. Moreover, by Lemma 2.3 and the remarks following 
Lemma 1.4 if M is an S2 X E2-manifold and r/r’ is finite than r is conjugate in 
O(3) X Aff(2) to one of these subgroups, and so A4 is diffeomorphic to the 
corresponding quotient space. 
If r/r’ is finite no manifold with such a group can fibre over S’. However if Z 
is a discrete subgroup of Isom(S2 X E2> which acts freely on S2 x R2 and is 
generated by isometries of the form (*I, p, C) then the map which sends 
(u, X> E S2 X R2 to [kul E ZW2 is compatible with the action of Z and so the 
S* X E2-manifold S2 X R2/r fibres over RZ’ 2. If at least one of the generators is 
the free involution on the S2-factor then the fibre is R2/r, where r = Z f’ ((1) x 
E(2)). (Otherwise the fibre has two components.) This is clearly the case for three 
of the above manifolds. 
Since ZW2 = Mb U D is the union of a Mobius band Mb and a disc, a G-bundle 
over Rp2 is determined by a bundle over Mb which restricts to a trival bundle over 
aMb, i.e., by a conjugacy class of elements of order dividing 2 in r,(Homeo(G)), 
together with the class of a gluing map over aMb = 3D modulo those which extend 
across D or Mb, i.e., an element of a quotient of ri,(Homeo(G)l/(squares). If G is 
a closed aspherical surface then r,(Homeo(G)) = Out(~i(G)> and r,(Homeo(G)) 
= &r,(G), the centre of the fundamental group. In particular, an S’ x S’-bundle 
over ZW2 which does not fibre over S’ has fundamental group D *= D and is 
determined by an element of Z2/2Z2 ~((2/2Z)~, while a K-bundle over ZW2 
which does not fibre over S’ has group D *z (Z @ (Z/22)) or Z *z D (assuming 
throughout that the universal covering space is S2 X R2). 
In general, must a closed 4-manifold M with x(M) = 0 and such a fundamental 
group be homotopy equivalent to the total space of a bundle over Z?P2? Is every 
such bundle space geometric? 
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3. Surgery 
Since the fundamental groups of the manifolds we are primarily interested in 
are virtually Abelian we may use 4-dimensional TOP surgery and the s-cobordism 
theorem to study the possible homeomorphism types. The surgery sequence 
[SM, G/TOP] + L”,(r, w,> + S,,,(M) + [M, G/TOP] + L$r, w,> is an exact 
sequence of groups if the structure set is given the addition defined on [27, pp. 
71-721. In the next lemma and theorem the fundamental groups may lie outside 
the class of “good” groups; however these techniques still apply to the universal 
covering spaces. We shall write L,(G, w) for L”,(G, w) if WMG) = 0 and L,(G) if 
moreover the orientation character w is trivial. When the orientation character is 
nontrivial and otherwise clear from the context we shall write L,(G, ->. 
Lemma 3.1. Let E be the total space of an S2-bundle over a closed aspherical surface 
B. Then there is a self homotopy equivalence of E with nontrivial normal invariant. 
Proof. Let j : S2 + E be the inclusion of a fibre. Then j, [S21 generates the kernel 
of the natural homomorphism from H,(E; Z/22) z (Z/2Z12 to H2(7r; Z/22) 
z Z/22 and so is nonzero, while w,(E)( j, [S21) = j*w,(E> = 0. Let LY : S4 -+ E be 
the composition jnSn, where n is the Hopf map, and let s : E -+ E V S4 be the 
pinch map obtained by shrinking the boundary of a 4-disc in E. Then the 
composite f, = (id,, a)s is a self homotopy equivalence of E, and its normal 
invariant is nontrivial, by the argument of [35, Theorem 16.51, as corrected in [5, 
Theorem 5.11. 0 
With this lemma we may improve some of the results of the final section of [193. 
Theorem 3.2. Let P be a closed 4manifold which is homotopy equivalent o the toal 
space E of an S2-bundle over a closed aspherical surface B. Then P is s-cobordant o 
E and the universal covering space P is homeomorphic to S2 x R2. 
Proof. Let r = r,(E) = rI(B) and let f: P + E be a homotopy equivalence. Then 
f is simple, since Wh(rr) = 0. The surgery obstruction map u4 : [E, G/TOP] + 
L4(rI(E), w,) is onto, by [19, Lemma 81, and so there are two normal cobordism 
classes of homotopy equivalences h : X + E. As each contains a self homotopy 
equivalence of E, by Lemma 3.1, there is a normal cobordism F : V-+ E X [O, 11 
from f to some self homotopy equivalence of E. Since us : [SE, G/TOP] + 
L,(r,(E), wl> is also onto, by [19, Lemma 81, we may use 5-dimensional surgery 
(rel 13) to replace I/ by an s-cobordism IV. The universal covering space I@ is a 
proper s-cobordism from P to i = S2 X R2. Since the end of i is tame and has 
fundamental group Z we may apply [12, Corollary 7.3B] to conclude that IV is 
homeomorphic to a product. Hence P is homeomorphic to S2 x R2. q 
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Corollary. A closed connected 4-manifold M with ,y(M) = 0 and QT z Z2 or Z 2 Z is 
homeomorphic to the total space of an S2-bundle over the torus or Klein bottle. 
In particular, a 4-manifold A4 with X(M) = 0 and r = rri(M) z Z2 or Z ? Z is 
determined up to homeomorphism by r and w(M). It is easy to show that the 
structure sets of the RP2-bundles over the torus or Klein bottle are finite. 
Theorem 3.3. Let M be a closed connected 4-manifold with x(M) = 0 and with 
fundamental group T. If rr sZ2 @ (Z/22) then S,,,(M) has order 8 while if 
T z (Z 2 Z> CEJ (Z/22) then it has order at most 32. 
Proof. By Theorem 2.1 we may assume that M is the total space of an RP2-bundle 
p : M -+ B 
U g*K2[kf], 
by 135, Theorem 13B.51. As every element of H2(M; Z/22) is equal to g*K2 for 
some such g and as w,(Mj2 # 0 this composite is onto. Similarly there is a normal 
map f2 : X2 -+ ZW2, which we may assume is a homeomorphism over a disc 
A cRP2, with c( f2) # 0 in L,(Z/2Z, -1. If M = RP2 X B then f2 X id, : X2 x B 
+ RP2 x B is a normal map with surgery obstruction (0, c( f,>> E L,(Z/2Z, - > @ 
L,(Z/2Z, ->. The two nontrivial bundles may be obtained from the product 
bundles by cutting M along Rp2 X aA and regluing via the twist map of RP2 X S’. 
As f 1 f-~cA) is a homeomorphism these normal maps may be compatibly modified. 
It follows that in all cases a, is onto and so S,,,(M) has order at most 32. 
If r E Z2 @ (Z/22) (i.e., if the base B is the torus) we may adapt the argument 
of [16, Lemma l(ii), Chapter 81 to show that L,(T, wl) acts trivially on S,,,(M). 
Let yi, y2 : rr + Z be epimorphisms forming a basis for Hom(rr, Z> and let t,, 
t, E ker wi represent a dual basis for T/F (i.e., Ai = S,,). Then pi(g) = g - 
h,(g)t, for all g E r defines a splitting for the inclusion ki : ker Ai + rr, and pik3_i 
factors through Z/22, for i = 1, 2. As the maps pi and kj are compatible with the 
orientation character and as L,(Z/2Z, -) = 0 it follows that L,(k,) and L,(k,) 
are inclusions of complementary summands of L,(x-, w,> = (Z/22)‘, split by the 
projections L,(p,) and L,(p,). 
Let yi be a simple closed curve in B which represents ti E 7. Then -yl has a 
product neighbourhood Ni = S’ x [ - 1, 11 and U, =p-%ViTi> is homeomorphic to 
RP2 x S’ x [ - 1, 11. There is a normal map f4 : X, + Rp2 X [ - 1, 112 (rel bound- 
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ary) with c(f4) # 0 in L,(Z/2Z, -1. Let y = (M\int U,) x [ - 1, l] uX, X S’, 
where we identify (au,) x [ - 1, l] = Rp* x S’ x So x [ - 1, l] with Rp* x [ - 1, l] x 
So X S’ in ax, x S’. If we match together idCM,intU,jxt_l,ll and f4 X id,, we obtain 
a normal cobordism Qi from id, to itself. The image of the surgery obstruction 
a&Q,) in L,(ker A,, wr) =LL,(Z/2Z), -) under the splitting homomorphism is 
c&f >. On the other hand its image in L,(ker h,_i, w,) is 0, and so it generates the 
image of L,(k,_,). Thus L,(rr, w,> is generated by as(Qi> and a,(Q2>, and so acts 
trivially on the class of id,. Since the surgery sequence [SM, G/TOP] + 
L,(%-, WI> + S,,,(M) is an exact sequence of groups S,,,(M) has order 8. [7 
Does a similar idea work to show that L4( rr, wi) acts trivially on each class in 
S,,,(M) when M is an RP*-bundle over the Klein bottle? Is so, then S,,,(M) 
has order 8 in these cases also. Are these manifolds determined up to homeomor- 
phism by their homotopy type? 
In the remaining cases the groups are not “square-root closed accessible” and 
we have not been able to compute the surgery obstruction groups completely. 
However the Mayer-Vietoris sequences of [41 are exact modulo 2 torsion, and we 
may compare the ranks of [SM, G/TOP] and L,(r, w,>. This is sufficient in some 
cases to show that the structure set is infinite. For instance, the rank of L&D X Z> 
is 3 that of L,(D 2 Z) is 2, while the rank of L,(D *z (Z ~3 (Z/22)), w,) is 2. If 
it4 is orientable and rr = D x Z or D 2 Z then [SM, G/TOP] z H3(M; Z) @ 
H’(M; Z/22) z H,(M; Z) @ Hi(M; Z/22) has rank 1. Therefore S,,,(M) is 
infinite. If rr 2 D *= (Z 6~ (Z/22)) then H,(M; Q> = 0, H,(M; Q> = H,(n-; Q> = 0 
and H&M; Q) = 0, since A4 is nonorientable. Hence H3(M; Q> K Q, since X(M) 
= 0. Therefore [SM, G/TOP] again has rank 1 and S,,,(M) is infinite. These 
estimates do not suffice to decide whether there are infinitely many homeomor- 
phism classes in the homotopy type of M. To decide this we need to study the 
action of the group E(M) on S-,.,,(M). A sche me for analyzing E(M) as a tower 
of extensions involving actions of cohomology groups with coefficients determined 
by Whitehead’s r-functors is outlined on [l, p. 521. 
4. Manifolds covered by S3 X R - the maximal finite normal subgroup 
If a closed 4-manifold M has universal cover G z S3 x R then rr = TV has 
two ends and so is virtually Z. Let Mz be an orientable finite covering space 
corresponding to an infinite cyclic subgroup. Then Mz is homotopy equivalent to 
the mapping torus of a self homotopy equivalence of S3 = A, so x(Mz) = 0 and 
hence x(M) = 0 also. Suppose conversely that M is a closed connected 4-manifold 
with X(M) = 0 and such that rr is virtually Z. By [20, Theorem 51 the universal 
covering space k is homeomorphic to S3 X R, the maximal finite normal subgroup 
F has cohomological period dividing 4 and the associated covering space MF is a 
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finite orientable PD,-complex. We shall assume henceforth that n- is virtually 2 
and x(M) = 0. 
The quotient r/F is isomorphic to 2 or D and the action of rr by conjugation 
on F induces a homomorphism from r/F to the group of outer automorphisms 
Out(F). 
Lemma 4.1. The quotient r/F acts on r,(M) and H4(F; Z) through multiplication 
by k 1. It acts trivially if the order of F is divisible by 4 or by any prime congruent to 
3 modulo 4. 
Proof. The group x/F must act through + 1 on the infinite cyclic groups r&M) 
and H3(MF; Z>. By the universal coefficient theorem H4(F; Z) is isomorphic to 
H&F; Z), which is the cokernel of the Hurewicz homomorphism from r&M) to 
H3(MF; Z) = Z/I F ( Z, and so the first assertion holds. To prove the second 
assertion we may pass to the Sylow subgroups of F, by Shapiro’s lemma. If p is an 
odd prime then the p-Sylow subgroups of F are cyclic, while the 2-Sylow sub- 
groups of F are cyclic or generalized quaternionic. In all cases an automorphism 
induces multiplication by a square on the third homology. But - 1 is not a square 
modulo 4 nor modulo any prime p = 4n + 3. 0 
Let Z(F) denote the subgroup of Out(F) which acts by f: 1 on H&F; Z), and 
let Z+(F) be the subgroup which acts trivially. The list of finite groups with 
cohomological period dividing 4 is well known (cf. [6]). In determining the outer 
automorphism groups Out(F) and their subgroups I(F) for these groups we have 
used the following simple facts: (i> an outer automorphism class induces multiplica- 
tion by r on H4(F; Z) if and only if it does so for each Sylow subgroup of F, by 
Shapiro’s lemma; (ii) automorphisms of Q(2”) induce multiplication by squares on 
H4(QC2”); Z) [311. 
If m is an integer let I(m) be the number of odd prime divisors of m. 
(i> Z/dZ: Aut(Z/dZl = Out(Z/dZ) = (Z/dZIx. I(Z/dZ) = {s E (Z/dzIx: 
s2 = k l}. Z+(Z/dZ) = (Z/2Z)“d’ if d # O(4), (Z/2Z)‘(d’+’ if d = 4(8), and 
(Z/2Z)‘(d)+2 if d = O(8). 
(ii) Q = Q(8) = (x, y: x2 = y2 = (xy)*): Aut(Q) is the semidirect product of 
Aut(Q/Q’) = SL(2,2) with the normal subgroup Inn(Q) = Q/Q’ = (Z/2Z12. Z<Q> 
= Out(Q) = X(2,2) = S,, generated by the images of the automorphisms u which 
sends x and y to y and xy, respectively, and r which interchanges x and y. 
(iii) Q(Sk) = (x, y: x4k = 1, x2k = y*, yxy-’ =x-l>, where k > 1: Aut(Q(8k)) 
is generated by the automorphisms (i, s) which send x and y to xs and xiy, 
respectively, where (s, 2k) = 1, and is isomorphic to the semidirect product of 
(Z/4kZY with the normal subgroup Z/4kZ. Out(Q(8k)) = (Z/221 @ 
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((Z/4kZ)X/(? l)), generated by the images of the (0, s) and (1, 1). Z(Q(8k)) = 
(Z/2Z)“k” l if k is odd and (Z/2Z)‘(k)+2 if k is even. 
(iv) Tz = (Q, z: .z3k = 1, ZXZ-’ =y, zyz-’ =xy>, where k a 1: a presentation 
for Aut(T,*) is given in [16]. Out (T,*) = (Z/3kZ)x is cyclic of order 2. 3k-1 and is 
generated by the image of the automorphism p which sends x, y and z to y-‘, 
x-l and z2 respectively. Z(T,*) = Z/22. 
(v) O,* = (T,*, w: w2 =x2, wxw-’ =yx, wyw-’ =y-‘, wzw-1 =2-l), where 
k a 1: The automorphism p of Tc extends to O,* via p(w) = w-l.z2 and so the 
natural homomorphism from Out(O,*) to Out(T,*) is onto. Its kernel is generated 
by the image of the automorphism which sends w to wx2 and is the identity on the 
commutator subgroup Tk*. This automorphism induces multiplication by 25 on the 
third homology of the 2-Sylow subgroup Q(16) of 0:. The generator $-’ of 
Z(T,*) is induced by conjugation by wz in O,* and so is the restriction of an inner 
automorphism of 0:. Z(O,*) = 1. 
(vi) Z* = (x, y: x2 =y3 = (xY)~): Aut(Z*) z S, and Out(Z*) = Z/22; the 
nontrivial outer automorphism induces multiplication by 49 on H3(Z*; Z) [28]. 
z(z*) = 1. 
(vii) A(m, e) = (x, y: x”’ =y2e = 1, yxy-’ =x-l>, where m > 1 is odd and 
e 2 1: Aut(A(m, e)) is generated by the automorphisms (s, t, u) which send x and 
y to xs and xUyf, respectively, where (s, m) = (t, 2) = 1. Out(A(m, e)) is gener- 
ated by the images of (s, 1, 0) and (1, t, 0) and is isomorphic to Z/2e)X 
@((z/mz)x/(* 1)). Z(A(m, 1)) = 1s E (Z/mZ)“: s2 = * 1)/(-t l), Z(A(m, 2)) = 
(Z/2Z)‘cm), Z(A(m, e)) = (Z/2Z)““‘+1 if e > 2. 
(viii) Q(2”a, b, c) = (Q(2”), U: uabc = 1, xuab = uabx, XU’X-’ = UP, yu” = 
l.Py, yuby - l = 24 -b>, where a, b and c are odd and relatively prime, at most one 
of a, b and c is 1 and n > 2: There is a natural homomorphism from 
Aut(Q(2”a, b, c)) to Aut(Q(2”)) x Aut(Z/abcZ) with kernel consisting of inner 
automorphisms. Hence Out(Q(2”a, b, c)) is a subquotient of Out(Q(2”)) X 
(Z/ubcjX. Z(Q(2 “u, b, c)) has exponent 2, even if IZ > 3. 
In addition there are the direct products of any of these groups with a cyclic 
group of relatively prime order. As Aut(G x H) = Aut(G) x Aut(H) and Out(G x 
H) = Out(G) x Out(H) if G and H are finite groups of relatively prime order, we 
have Z+(G X Z/dZ) =Z+(G) xZ+(Z/dZ). In particular, if G is not cyclic or 
dihedral then Z(G X Z/dZ) = Z+(G X Z/dZ) = Z(G) X Z+(Z/dZ). 
On passing to a subgroup of index 2 in rr if necessary we may suppose that 
r/F E Z. Let t be an element of 7~ whose image generates rr/F. If 0 is the 
automorphism of F determined by conjugation by t in r then r is isomorphic to 
the semidirect product F X,Z. Conversely, every automorphism of F arises in this 
way, and if I31 and 13~ are two such then F Xo,Z = F Xe,Z if and only if the images 
of 8, and 8, in Out(F) are conjugate up to inversion (cf. [16, Lemma 1, Chapter 
21). In particular, if 0 is an inner automorphism then r z F x Z. 
In all cases except when F is cyclic or Q x Z/dZ the group Z(F) has exponent 
2 and 7r has a subgroup of index at most 4 which is isomorphic to F X Z. 
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5. Extensions of the infinite dihedral group 
We shall now assume that r/F z D. Let U, u E D be a pair of involutions which 
generate D and let s = UU. Then s-~z&’ = USES, and any involution in D is 
conjugate to u or to u = us. Hence any pair of involutions {u’, ~‘1 which generates 
D is conjugate to the pair {u, u), up to change of order. 
Theorem 5.1. Let M be a closed connected 4-manifold with x(M) = 0, and such that 
there is an epimorphism p : T + D with finite kernel F. Then 
(i) A4 is nonorientable; 
(ii) if u and v are a pair of involutions which generate D then G =p-‘C(u)) and 
H = p- 'C(L) )) have cohomological period dividing 4, and the unordered pair {G, H} 
of groups is determined up to isomorphisms by r alone; 
(iii) conversely, r is determined up to isomorphism by the unordered pair (G, H} 
of groups with index 2 subgroups isomorphic to F as the free product with amalgama- 
tion T=G*~H; 
(iv> 5r acts trivially on rr,(M). 
Proof. The first assertion follows from Lemma 1.2, since r/r’ is finite. Let li and 
u^ be elements of r such that I)(&) = u and p(6) = v, and let s^ = ~3. Then fi2 and 
u^* are in F and ~($1 and p(D) together generate D. If F is not isomorphic to 
Q X Z/dZ then I(F) is Abelian and so the (normal) subgroup generated by F and 
s^* is isomorphic to F X Z. In any case the subgroup generated by F and tk is 
normal, and is isomorphic to F x Z if k is a nonzero multiple of 12. 
Let G and H be the subgroups of r generated by F and 2 and by F and 3, 
respectively. Then [G : PI = [H : Fl = 2. The uniqueness up to isomorphisms of the 
pair (G, H} follows from the uniqueness up to conjugation and order of the pair of 
generating involutions for D. Since G and H act freely on k they also have 
cohomological period dividing 4. On examining the list above we see that F must 
be cyclic or the product of Q(Sk), T,* or A(m, e) with a cyclic group of relatively 
prime order, as it is the kernel of a map from G to Z/22. It is easily verified that 
in all such cases every automorphism of F is the restriction of automorphisms of 
G and H. It follows that r is determined up to isomorphism as the amalgamated 
free product G *F H by the unordered pair (G, H} of groups with index 2 
subgroups isomorphic to F (i.e., it is unnecessary to specify the identifications of F 
with these subgroups). 
The final assertion follows because each of the groups G and H must act 
orientably on &?, and r is generated by these subgroups. 0 
Must the covering space MG and &4, be homotopy equivalent to finite 
compiexes? 
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6. Realization of the groups 
Each finite group with cohomological period dividing 4 is the fundamental 
group of some finitely dominated PD,-complex 1311. The homotopy type of such a 
“Swan complex” for F is determined by a k-invariant which is a generator of 
H4(F; 2) z Z/I F I Z. Hence Swan complexes for F are parametrized up to 
homotopy by the quotient of (Z/ I F I >” under the action of Out(F) and Aut(Z). 
The set of finiteness obstructions for all such complexes forms a coset of the Swan 
subgroup T of k,(Z[F]). Thus there is a finite complex of this type if an 
obstruction a,(F) in F?,(Z[ F])/T is 0. (This obstruction is nonzero if F has a 
subgroup isomorphic to O,* for some k > 1 [6]). We shall henceforth let X, 
denote a finite Swan complex for F. 
All the groups listed above except the groups 0: with k > 1, A(m, 1) and 
Q(2”a, 6, c) and their products with cyclic groups have fixed point free representa- 
tions in SO(4) and so act linearly on S’. As the corresponding quotient spaces are 
the 3-dimensional Clifford-Klein space forms we shall call such groups CK groups. 
If F is cyclic then every Swan complex for F is homotopy equivalent to a lens 
space. If F = Q(2k) or Tk* for some k > 1 then S3/F is the unique finite Swan 
complex for F [32]. For the other noncyclic CK groups there is a unique spherical 
space form, but in general there are other finite Swan complexes. 
The map from X,. to BG classifying the Spivak normal fibration of X, lifts to a 
map from X, to BTOP, and so there are normal maps (f, 6): N3 +X, [25]. 
Given such a normal map there is a “proper surgery” obstruction hp(f, 6) in 
L:(F) which is 0 if and only if (f, 6) X id, I is normally cobordant to a simple 
homotopy equivalence. In [14] it shown that if F X Z acts freely and properly on 
R4d\{0}, where F is a finite group of cohomological period dividing 4d, then a 
surgery semicharacteristic must be 0. In particular, F has no subgroup isomorphic 
to A(m, 1) (with m > 1) or Q(2’a, 6, c> (with n > 3 and 6 or c > 1). Thus we may 
focus on the cases when F = Q(Sa, 6, cl x Z/dZ, where a, 6 and c are odd and at 
most one of them is 1. The main result of [14] is that in such a case F X Z acts 
freely and properly “with almost linear k-invariant” if and only if some arithmeti- 
cal conditions depending on subgroups of F of the form Q(&r, 6, 1) hold. (The 
high dimensional surgery arguments of [14,25] may be extended to the 4-dimen- 
sional case by [12].) 
If F acts freely on an homology 3-sphere s there is a more direct argument for 
the existence of a free proper action of F x Z on S” x R. (The following argument 
was outlined in [241.) Let Ii’= n-,(25/F) and lift a cellular decomposition of x/F 
to equivariant cellular decompositions of 2 and its universal covering space 2:. 
Then C,(x) = F BflC,(%) is a finitely generated free periodic resolution of Z 
over Z[Fl. Let X be the corresponding finite Swan complex. Since the spaces 
involved are 3-dimensional there is a map h : 2/F ---)X realizing the chain map 
(over the epimorphism : II + F) from C,(s) to C,(X). Since the map h is a 
Z[Fl-homology equivalence the product h x id sj is a simple Z[ F X Z]-homology 
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equivalence and so has surgery obstruction 0 in L”,(F X Z). Therefore we may do 
surgery to obtain a simple homotopy equivalence. 
For example, the results of 1141 imply that there is a closed orientable 4-mani- 
fold A4 which is simple homotopy equivalent to a product X,X S' where F = 
Q(24, 13, 1). If Q(24, 13, 1) is not a 3-manifold group then M cannot fibre over S’, 
and so we would have another type of counterexample to a 4-dimensional analogue 
of the Farrell fibration theorem (cf. [361). In any case this group is not isomorphic 
to a subgroup of W(4) which acts freely on S3 and so A4 is not geometric. (Can 
one give an explicit example of a free action of Q(24, 13, 1) on a homology 
3-sphere?) 
If r/F = Z and T : MF -+ i’hfF is a generator of the group of covering transfor- 
mations then A4 is homotopy equivalent to the mapping torus M(r). Conversely, 
by [28, Corollary 1.31 the map sending a self homotopy equivalence h of X, to the 
induced outer automorphism class [13] determines an isomorphism from the group 
of homotopy classes of self homotopy equivalences E(X,) to I(F), provided that 
1 F I > 2. By Lemma 4.1 above, if 4 divides I F 1 then h is orientation preserving. 
The mapping torus M(h) has fundamental group F x ,Z and is a finite PD,-com- 
plex, by [29, Proposition 4.11. Moreover, if r = F x 2 and I F I > 2 then h is 
homotopic to the identity and so M(h) is homotopy equivalent to X, X S'. (There 
is a minor oversight in [28]. If F = 1 or Z/22 then X, admits an orientation 
reversing involution which induces the identity on F.) 
If F = Z/dZ then the automorphism of F corresponding to an integer s such 
that s2 = &l(d) is realizable by an isometry of the lens space L(d, s), and the 
semidirect product (Z/dZ) Xcs,Z is the fundamental group of the mapping torus. 
If d > 2 a closed 4-manifold with this group and with Euler characteristic 0 is 
orientable if and only if s* = l(d). If F is Q, Tk*, O*, I*, A(#, e), Q X Z/qjZ or 
A(p’, 2) x Z/q’Z where p and q are odd primes and e > 1 then every class in 
Z(F) is realizable by an isometry of S3/F [30]. The mapping torus of such an 
isometry is an orientable S3 x E’-manifold. For the other CK groups the subgroup 
of Z(F) realizable by homeomorphisms of S3/F is usually quite small (cf. 
[3,21,30,33]). Is the discrepancy to be explained by the fact that a closed 4-manifold 
is a simple PD,-complex? 
If F, G and H are each noncyclic CK groups then the corresponding spherical 
space forms are uniquely determined, and we may construct a nonorientable 
S3 x E’-manifold with fundamental group r = G *F H as follows. Let u and 
v : S3/F + S3/F be the covering involutions with quotient spaces S3/G and 
S3/H, respectively, and let 4 = UU. (Note that u and v are isometries of S3/F.) 
Then U([x, t]) = [u(x), 1 - t] defines a fixed point free involution on the mapping 
torus M(4) and the fundamental group of the quotient space is isomorphic to 
G *F H. If F is cyclic and G = H or if G is cyclic then a similar construction 
works, but in general if F is cyclic the covering spaces of S3/G and S3/H with 
group F may be distinct lens spaces. 
On I-manifolds with universal covering space S’ x R2 or S” x R 41 
The argument of [16, Theorem 1, Chapter 71 may be applied to show that the 
homotopy type of M is determined by r and the class of the first nontrivial 
k-invariant, which is a generator of H4(rr; r,(M)), modulo the action of Aut(rr). 
If z-/F z Z then H4(x-; r,(M)) = H4(F; Z> = Z/ 1 F I Z, while if 7~ = G *F H 
then H4(~;Z)~(I(5,5>~Z/IGIZ~Z/IHIZ: l=[mod IFIl~Z/2lFIZ~ 
z/22. 
In [14] it is shown that the group Q(Sk> X Z/dZ X Z can only act freely and 
properly on R4\{O} with the “linear” k-invariant. However in general it is not 
known which k-invariants are realizable. (Every group of the form Q(8a, b, c> X 
Z/dZ x Z admits an “almost linear” k-invariant, but there may be other actions. 
The referee has pointed out that further results on this question may be found in 
D51). 
In [16, Chapter 81 it is shown that if M is orientable, rr/rr’ = Z and F = T’ is a 
nontrivial finite group then the structure set STOP (M) is infinite. As the group of 
self homotopy equivalences of such a manifold is finite, by [16, Theorem 2, 
Chapter 71, it follows that there are infinitely many distinct topological 4-manifolds 
simple homotopy equivalent to M. It is likely that similar estimates hold for the 
other manifolds covered by S3 x R (if r f Z> and we shall not pursue the question 
of homeomorphism types further. 
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